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Dark energy can modify the dynamics of dark matter if there exists a direct interaction between
them. Thus a measurement of the structure growth, e.g., redshift-space distortions (RSD), can
provide a powerful tool to constrain the interacting dark energy (IDE) models. For the widely
studied Q = 3βHρde model, previous works showed that only a very small coupling (β ∼ O(10−3))
can survive in current RSD data. However, all of these analyses had to assume w > −1 and β > 0
due to the existence of the large-scale instability in the IDE scenario. In our recent work [Phys.
Rev. D 90, 063005 (2014)], we successfully solved this large-scale instability problem by establishing
a parametrized post-Friedmann (PPF) framework for the IDE scenario. So we, for the first time,
have the ability to explore the full parameter space of the IDE models. In this work, we reexamine
the observational constraints on the Q = 3βHρde model within the PPF framework. By using the
Planck data, the baryon acoustic oscillation data, the JLA sample of supernovae, and the Hubble
constant measurement, we get β = −0.010+0.037−0.033 (1σ). The fit result becomes β = −0.0148+0.0100−0.0089
(1σ) once we further incorporate the RSD data in the analysis. The error of β is substantially
reduced with the help of the RSD data. Compared with the previous results, our results show that
a negative β is favored by current observations, and a relatively larger interaction rate is permitted
by current RSD data.
I. INTRODUCTION
Dark energy and dark matter are the dominant sources
for the evolution of the current Universe [1]. Both
are currently only indirectly detected via their gravita-
tional effects. There might, however, exist a direct non-
gravitational interaction between them that does not vio-
late current observational constraints. Furthermore, such
a dark sector interaction can provide an intriguing mech-
anism to solve the “coincidence problem” [2–5] and also
induce new features to structure formation by exerting a
nongravitational influence on dark matter [6–8].
In an interacting dark energy (IDE) scenario, the en-
ergy conservation equations of dark energy and cold dark
matter satisfy
ρ′de = −3H(1 + w)ρde + aQde, (1)
ρ′c = −3Hρc + aQc, Qde = −Qc = Q, (2)
where Q denotes the energy transfer rate, ρde and ρc
are the energy densities of dark energy and cold dark
matter, respectively, H = a′/a is the conformal Hubble
expansion rate, a prime denotes the derivative with re-
spect to the conformal time τ , a is the scale factor of
the Universe, and w is the equation of state parameter of
dark energy. Several forms for Q have been constructed
and constrained by observational data [9–18]. The com-
mon data sets used in these works are the cosmic mi-
crowave background (CMB), the baryon acoustic oscil-
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lation (BAO), the type Ia supernovae (SNIa), as well as
the Hubble constant measurement. These observations
constrain the IDE models mainly by the geometric mea-
surement information, leading to a significant degeneracy
between the constraint results of interaction and back-
ground parameters.
This degeneracy results from the fact that the IDE
model cannot be distinguished from the uncoupled dark
energy model in the background evolution since the ex-
pansion history of the Universe given by an IDE model
and an uncoupled dark energy model can mimic each
other by adjusting the values of their free parameters.
Fortunately, the dynamics of dark matter can be modi-
fied by dark energy in an IDE model, so any observation
containing the structure formation information might
be a powerful tool to break this degeneracy. Redshift-
space distortions (RSD) arising from peculiar velocities
of galaxies on an observed galaxy map provide a direct
measurement of the linear growth rate f(a) of the large-
scale structure formation [19, 20]. Currently, a number
of RSD data are available from a variety of galaxy sur-
veys, such as 6dFGS, [21], 2dFGRS [22], WiggleZ [23],
SDSS LRG DR7 [24], BOSS CMASS DR11 [25], and
VIPERS [26]. These RSD measurements have been used
to constrain the IDE models [27–31]. For the widely stud-
ied Q = 3βHρde model, recent CMB+BAO+SNIa data
give β = 0.209+0.0711−0.0403 (1σ), while the fit result becomes
β = 0.00372+0.00077−0.00372 (1σ) once the RSD data are added
to the analysis [28]. This result shows that a large inter-
action rate for the Q = 3βHρde model is ruled out by
the RSD data.
However, the above results may not reflect the actual
preference of the data sets, because the full parameter
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2space cannot be explored in these works, due to the well-
known large-scale instability existing in the IDE scenario.
The cosmological perturbations will blow up on the large
scales for the Q ∝ ρde model with the early-time w < −1
or β < 0 [32, 33] and for the Q ∝ ρc model with the
early-time w > −1 [34]. So to avoid this instability, one
has to assume w > −1 and β > 0 for the Q ∝ ρde model
and w < −1 for the Q ∝ ρc model in the observational
constraint analyses. In practice, the Q ∝ ρc model with
w < −1 is not favored by the researchers, since w < −1
will lead to another instability of our Universe in a finite
future. Thus, the Q ∝ ρde case with w > −1 and β > 0
becomes the widely studied IDE model in the literature.
The large-scale instability arises from the way of cal-
culating the dark energy pressure perturbation δpde. In
the standard linear perturbation theory, dark energy is
considered as a nonadiabatic fluid. Thus, δpde contains
two parts, the adiabatic pressure perturbation in terms
of the adiabatic sound speed and the intrinsic nonadi-
abatic pressure perturbation in terms of the rest frame
sound speed. If dark energy interacts with dark matter,
then the interaction term Q will enter the expression of
the nonadiabatic pressure perturbation of dark energy.
For some specific values of w and β, as mentioned above,
the nonadiabatic mode grows fast at the early times and
soon leads to rapid growth of the curvature perturbation
on the large scales [34].
However, current calculation of δpde may not reflect
the real nature of dark energy, since it can also bring
instability when w crosses the phantom divide w = −1
even for the uncoupled dark energy [35–38]. As it is,
finding an effective theoretical framework to handle the
cosmological perturbations of dark energy may be a good
choice before we exactly know how to correctly calculate
δpde. The simplified version of the parametrized post-
Friedmann (PPF) approach [39, 40] is just an effective
framework but is constructed for the uncoupled dark en-
ergy models. In our recent work [41], we established a
PPF framework for the IDE scenario. The large-scale
instability problem in all the IDE models can be success-
fully solved within such a generalized PPF framework.
As an example, we used the observational data to con-
strain the Q = 3βHρc model without assuming any spe-
cific priors on w and β. The fit result showed that the full
parameter space of this model can be explored within the
PPF framework (also see Ref. [42] for a similar follow-up
analysis).
In this work, we focus on the widely studied Q =
3βHρde model with a constant w. We use the PPF ap-
proach to handle its cosmological perturbations. As men-
tioned above, previous observational constraints on this
model have to assume w > −1 and β > 0 to avoid the
large-scale instability. Within the PPF framework estab-
lished in Ref. [41], we, for the first time, have the ability
to explore the full parameter space of this model. So it is
of great interest to see how the constraint results change
when we let the parameter space of this model fully free.
We perform a full analysis on the Q = 3βHρde model by
using current observations including the Planck data, the
seven data points of BAO, the recent released JLA sam-
ple of SNIa, the Hubble constant measurement, and the
ten data points of RSD as well. We show that current ob-
servations actually favor a negative β when w < −1 and
β < 0 are also allowed. Moreover, with the help of the
RSD data, β can be tightly constrained, but unlike the
previously obtained results β ∼ O(10−3) in Refs. [28, 29],
a relatively larger absolute value of β (about O(10−2)) is
favored by the RSD data.
Our paper is organized as follows. In Sec. II, we give
the general perturbation equations in the IDE scenario.
The perturbations of dark matter are given by the stan-
dard linear perturbation theory, while those of dark en-
ergy are calculated by using the PPF approach estab-
lished in Ref. [41]. Some details of the PPF approach as
a supplement of Ref. [41] are also presented in this sec-
tion. In Sec. III, we show how we use the observations
to constrain the Q = 3βHρde model, and give a detailed
discussion on the fit results. Our conclusions are given in
Sec. IV. In Appendix A, we introduce how to calibrate
the function fζ(a) of the PPF approach in a specific IDE
model.
II. PERTURBATION EQUATIONS IN THE IDE
SCENARIO
A. General equations
A dark sector interaction in a perturbed Universe will
influence the scalar perturbation evolutions. So let us
start with the scalar perturbation theory in an FRW uni-
verse. The scalar metric perturbations can be expressed
in general in terms of four functions, A, B, HL, and
HT [43, 44],
δg00 = −a2(2AY ), δg0i = −a2BYi,
δgij = a
2(2HLY γij + 2HTYij), (3)
where γij denotes the spatial metric and Y , Yi, and Yij
are the eigenfunctions of the Laplace operator, ∇2Y =
−k2Y , and its covariant derivatives, Yi = (−k)∇iY and
Yij = (k
−2∇i∇j + γij/3)Y , with k the wave number.
Similarly, the perturbed energy-momentum tensor can
also be expressed in terms of another four functions—
energy density perturbation δρ, velocity perturbation v,
isotropic pressure perturbation δp, and anisotropic stress
perturbation Π,
δT 00 = −δρY, δT i0 = −(ρ+ p)vY i,
δT ij = δpY δ
i
j + pΠY
i
j . (4)
With the existence of the dark sector interaction, the
conservation laws become
∇νTµνI = QµI ,
∑
I
QµI = 0, (5)
3where QµI is the energy-momentum transfer vector of I
fluid, which can be split in general as
QIµ = a
(−QI(1+AY )−δQIY, [fI +QI(v−B)]Yi), (6)
where δQI and fI denote the energy transfer perturba-
tion and momentum transfer potential of I fluid, respec-
tively. In a perturbed FRW Universe, Eqs. (5) and (6)
lead to the following two conservation equations for the
I fluid [43],
δρ′I + 3H(δρI + δpI) + (ρI + pI)(kvI + 3H ′L) = a(δQI −AQI), (7)
[(ρI + pI)(vI −B)]′ + 4H(ρI + pI)(vI −B)− kδpI + 23kcKpIΠI − k(ρI + pI)A = a[QI(v −B) + fI ], (8)
where cK = 1− 3K/k2 with K the spatial curvature.
B. The PPF framework for the IDE scenario
Now we discuss the perturbation evolutions for cold
dark matter and dark energy, in the comoving gauge,
B = vT and HT = 0, where vT denotes the velocity per-
turbation of total matters except dark energy. To avoid
confusion, we use the new symbols, ζ ≡ HL, ξ ≡ A,
ρ∆ ≡ δρ, ∆p ≡ δp, V ≡ v, and ∆QI ≡ δQI , to denote
the corresponding quantities of the comoving gauge ex-
cept for the two gauge independent quantities Π and fI .
For cold dark matter, ∆pc = Πc = 0, thus the evolutions
of the remaining two quantities ρc∆c and Vc are totally
determined by Eqs. (7) and (8). Note that ∆QI and fI
can be got in a specific IDE model. For dark energy, we
need an extra condition on ∆pde besides Πde = 0 and
Eqs. (7) and (8) to complete the dark energy perturba-
tion system. A common practice is to treat dark energy
as a nonadiabatic fluid and to calculate ∆pde in terms
of the adiabatic sound speed and the rest frame sound
speed (see, e.g., Ref. [34]). However, this will induce the
large-scale instability in the IDE scenario, as mentioned
above.
So we handle the perturbations of dark energy by using
the generalized PPF framework established in Ref. [41].
As shown in Ref. [41], the key point to avoid the large-
scale instability is establishing a direct relationship be-
tween Vde − VT and VT on the large scales instead of di-
rectly defining a rest-frame sound speed for dark energy
and calculating ∆pde in terms of it. This relationship can
be parametrized by a function fζ(a) as [39, 40]
lim
kH1
4piGa2
H2 (ρde + pde)
Vde − VT
kH
= −1
3
cKfζ(a)kHVT ,
(9)
where kH = k/H. This condition in combination with
the Einstein equations gives the equation of motion for
the curvature perturbation ζ on the large scales,
lim
kH1
ζ ′ = Hξ − K
k
VT +
1
3
cKfζ(a)kVT . (10)
On the small scales, the evolution of the curvature per-
turbation is described by the Poisson equation, Φ =
4piGa2∆T ρT /(k
2cK), with Φ = ζ + VT /kH . The evo-
lutions of the curvature perturbation at kH  1 and
kH  1 can be related by introducing a dynamical func-
tion Γ to the Poisson equation, such that
Φ + Γ =
4piGa2
k2cK
∆T ρT (11)
on all scales. Then compared with the small-scale Poisson
equation, Eq. (11) gives Γ → 0 at kH  1. On the
other hand, with the help of the Einstein equations and
the conservation equations as well as the derivative of
Eq. (11), Eq. (10) gives the equation of motion for Γ on
the large scales,
lim
kH1
Γ′ = S −HΓ, (12)
with
S =
4piGa2
k2
{
[(ρde + pde)− fζ(ρT + pT )]kVT
+
3a
kHcK
[Qc(V − VT ) + fc] + a
cK
(∆Qc − ξQc)
}
,
where ξ can be obtained from Eq. (8),
ξ = −∆pT −
2
3cKpTΠT +
a
k [Qc(V − VT ) + fc]
ρT + pT
. (13)
With a transition scale parameter cΓ, we can take the
equation of motion for Γ on all scales to be [39, 40]
(1 + c2Γk
2
H)[Γ
′ +HΓ + c2Γk2HHΓ] = S. (14)
Here we note that the prime in this paper is used to
denote the derivative with respect to the conformal time
τ (i.e., ′ ≡ d/dτ), but in Ref. [41], it is defined to be the
derivative with respect to ln a (i.e., ′ ≡ d/d ln a). This
explains why H appears in Eqs. (12) and (14) (compared
to the corresponding equations in Ref. [41]).
From the above equations, we can find that all of the
perturbation quantities relevant to the equation of mo-
tion for Γ are those of matters except dark energy. So
4we can solve the differential equation (14) without any
knowledge of the dark energy perturbations. Once the
evolution of Γ is obtained, we can immediately get the
energy density and velocity perturbations,
ρde∆de = −3(ρde + pde)Vde − VT
kH
− k
2cK
4piGa2
Γ, (15)
Vde − VT = −k
4piGa2(ρde + pde)F
×
[
S − Γ′ −HΓ + fζ 4piGa
2(ρT + pT )
k
VT
]
,
(16)
with F = 1 + 12piGa2(ρT + pT )/(k
2cK).
C. The IDE model
In the following, we get the evolution equations for the
specific IDE model under study in this work. To achieve
this, we need to construct a covariant interaction form
whose energy transfer can reduce to Q = 3βHρde in the
background evolution. A simple physical choice is as-
suming that the energy-momentum transfer is parallel to
the four-velocity of dark matter, so that the momentum
transfer vanishes in the dark matter rest frame. Then,
we have
Qµc = −Qµde = −3βHρdeuµc , (17)
with the dark matter four-velocity,
uµc = a
−1(1−AY, vcY i), ucµ = a(−1−AY, (vc−B)Yi).
Comparing Eq. (17) with Eq. (6), we get
δQde = −δQc = 3βHρdeδde,
fde = −fc = 3βHρde(vc − v),
Qde = −Qc = 3βHρde, (18)
where we define the dimensionless density perturbation
δI = δρI/ρI for the I fluid. Substituting Eq. (18) into
Eqs. (1) and (20), we can obtain the background evolu-
tions of dark energy and dark matter,
ρde = ρde0a
−3(1+w−β), (19)
ρc = ρc0a
−3
[
1 + ββ−w
ρde0
ρc0
(
1− a3β−3w)] , (20)
where the subscript “0” denotes the value of the corre-
sponding quantity at a = 1 or z = 0.
For the dark sector perturbation evolutions, we obtain
them in the synchronous gauge since most public numer-
ical codes are written in this gauge. The synchronous
gauge is defined by A = B = 0, η = −HT /3 −HL, and
h = 6HL. Then Eqs. (7) and (8) reduce to
δ′c + kvc +
h′
2 =
3βHρde
ρc
(δc − δde), (21)
v′c +Hvc = 0, (22)
for cold dark matter in the synchronous gauge. From
Eq. (22), we can see that the momentum transfer vanishes
for the IDE model. So there is no violation of the weak
equivalence in this model.
To get the dark energy perturbations in the syn-
chronous gauge, we need to make a gauge transforma-
tion, since the PPF approach is written in the comoving
gauge. The gauge transformation from the synchronous
gauge to the comoving gauge is given by [39]
ρI∆I = δIρI − ρ′IvT /k, (23)
∆pI = δpI − p′IvT /k, (24)
VI − VT = vI − vT , (25)
ζ = −η − vT /kH . (26)
By using Eq. (23), we can obtain Φ of Eq. (11) in terms
of δT and Γ. Then combining Eq. (26) and the gauge
relation VT = kH(Φ− ζ) [39], we can get another useful
transformation relation,
VT = vT +
4piGa2
HkcK
(
δT ρT − ρ′T
vT
k
)
+ kHη − kHΓ. (27)
With the help of Eqs. (23)–(27), we can rewrite all the
equations of PPF approach in terms of the corresponding
quantities in the synchronous gauge. For the IDE model
under study, we have
δde = −3(1 + w)vde
kH
+ 3β
vT
kH
− k
2cK
4piGa2ρde
Γ, (28)
vde − vT = −k
4piGa2ρde(1 + w)F
×
[
S − Γ′ −HΓ + fζ 4piGa
2(ρT + pT )
k
(vT + σ)
]
,
(29)
in the synchronous gauge, where
σ =
4piGa2
HkcK
[
δρT + 3(ρT + pT + βρde)
vT
kH
]
+kHη−kHΓ.
The source term S of Eq. (14) can be rewritten in the
synchronous gauge as
S =
4piGa2
k
{
[ρde(1 + w)− fζ(ρT + pT )](vT + σ)
+
3βρde
kHcK
[
ξ − δde − 3(w − β) vT
kH
]}
,
where
ξ = −kδpT − p
′
T vT − 23kcKpTΠT + 3βHρdevT
k(ρT + pT )
. (30)
Here note that due to our studied interaction model with
Q proportional to ρde, the dark energy density perturba-
tion δde occurs in the expression of the source term S.
Under such circumstance, how can we solve the equation
of motion (14) for Γ before δde is got from Eq. (28)? For
5this issue, we can utilize an iteration approach. For ex-
ample, we can set an initial value for vde and get the value
of δde from Eq. (28). Then we can obtain S and solve
the differential equation (14). Finally, we can update
the value of vde from Eq. (29) and start another itera-
tion. The convergence speed of this iteration method is
proven to be very quick from our tests.
We also need to determine the parameter cΓ and the
function fζ(a). For the value of cΓ, we find that the per-
turbation evolutions of dark energy are insensitive to its
value, so we follow Ref. [40] and choose it to be 0.4. The
function fζ(a) can be calibrated in a specific IDE model,
but no one gave a concrete way to do this in the pre-
vious works. For simplicity, one often takes fζ(a) = 0
in the literature, because its effect may only be detected
gravitationally in the future [40]. However, we still need,
though not urgently, to give a general approach to cali-
brate fζ for the future high-precision observational data.
Besides, we also want to know whether fζ(a) can af-
fect current observations, such as the CMB temperature
power spectrum. So we give a detailed process of cali-
brating fζ(a) in Appendix A. Using the calibrated fζ(a)
given by Eq. (A26), we plot the CMB temperature power
spectrum for the studied IDE model in Fig. 1. As a com-
parison, we also plot the case with fζ(a) = 0. In this fig-
ure, we fix w = −1.05, β = −0.01, and other parameters
at the best-fit values from Planck. From Fig. 1, we can
see that the CMB temperature power spectrum does not
have the ability to distinguish these two cases from each
other. So it is appropriate to simply set fζ(a) = 0, cur-
rently. Nevertheless, we still utilize the calibrated fζ(a)
in our calculations, because we find that taking fζ(a) to
be the calibrated function can help to improve the con-
vergence speed of the aforementioned iteration.
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FIG. 1: The CMB temperature power spectrum for the Qµ =
3βHρdeu
µ
c model. The red curve denotes the case with fζ(a)
taken to be the calibrated function in Eq. (A26), while the
black curve is the case with fζ(a) = 0. We fix w = −1.05,
β = −0.01, and other parameters at the best-fit values from
Planck. The overlap of these two curves indicates that the
CMB temperature power spectrum does not have the ability
to detect the effect of the calibrated fζ(a).
Now, all the perturbation equations can be numerically
solved. In Fig. 2, we show the matter and metric pertur-
bation evolutions for the IDE model under study at k =
0.01 Mpc−1, k = 0.1 Mpc−1 and k = 1.0 Mpc−1. Here,
we also fix w = −1.05, β = −0.01, and other param-
eters at the best-fit values from Planck. As mentioned
above, the Qµ = 3βHρdeu
µ
c model with w = −1.05 and
β = −0.01 would be an unstable case if the dark energy
perturbations are given by the standard linear perturba-
tion theory. Now we can clearly see from Fig. 2 that all
the perturbation evolutions are stable and normal within
the PPF framework.
III. DATA AND CONSTRAINTS
In this section, we use the latest observational
data to constrain the Qµ = 3βHρdeu
µ
c model. We
modify the camb code [45] to include the back-
ground and perturbation equations given in Sec. II C.
To explore the parameter space, we use the public
CosmoMC package [46]. The free parameter vector is:{
ωb, ωc, H0, τ, w, β, ns, ln(10
10As)
}
, where ωb, ωc and
H0 are the baryon density, dark matter density and Hub-
ble constant of present day, respectively, τ denotes the
optical depth to reionization, and ln(1010As) and ns are
the amplitude and the spectral index of the primordial
scalar perturbation power spectrum for the pivot scale
k0 = 0.05 Mpc
−1. Here note that we take H0 as a free pa-
rameter instead of the commonly used θMC, because θMC
is dependent on a standard noninteracting background
evolution. We set a prior [−0.15, 0.15] for the coupling
constant β, and keep the priors of other free parameters
the same as those used by Planck Collaboration [1]. In
our calculations, we fix Neff = 3.046 and
∑
mν = 0 eV
for the three standard neutrino species.
We use the following data sets in our analysis:
Planck+WP: the CMB temperature power spectrum
data from Planck [1] combined with the polarization mea-
surements from 9-year WMAP [47]; BAO: the latest BAO
measurements from 6dFGS (z = 0.1) [48], SDSS DR7
(z = 0.35) [49], WiggleZ (z = 0.44, 0.60, and 0.73) [50],
and BOSS DR11 (z = 0.32 and 0.57) [51]; JLA: the latest
released 740 data points of SNIa from JLA sample [52];
H0: the Hubble constant measurement from HST [53];
RSD: the RSD measurements from 6dFGS (z = 0.067)
[21], 2dFGRS (z = 0.17) [22], WiggleZ (z = 0.22, 0.41,
0.60, and 0.78) [23], SDSS LRG DR7 (z = 0.25 and 0.37)
[24], BOSS CMASS DR11 (z = 0.57) [25], and VIPERS
(z = 0.80) [26].
As mentioned in Sec. I, RSD actually reflect the co-
herent motions of galaxies and hence provide informa-
tion about the formation of large-scale structure. Due
to the existence of the peculiar velocities of galaxies the
observed overdensity field δg of galaxies in redshift space
is enlarged by a factor of 1 + fµ2/b [54], where µ is the
cosine of the angle to the line of sight, b ≡ δg/δ de-
notes the large-scale bias, and f(a) ≡ d lnD(a)/d ln a
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FIG. 2: The evolutions of matter and metric perturbations for the Qµ = 3βHρdeu
µ
c model at k = 0.01 Mpc
−1, k = 0.1 Mpc−1
and k = 1.0 Mpc−1. Here, the matter perturbations are the corresponding quantities in the synchronous gauge and the metric
perturbations Φ and Ψ are the gauge invariant variables of Kodama and Sasaki [43]. We fix w = −1.05, β = −0.01, and other
parameters at the best-fit values from Planck. Clearly, all the perturbation evolutions are well behaved.
is the linear growth rate, with the growth factor D(a) =
δ(a)/δ(aini). Thus, through precisely measuring the RSD
effect from galaxy redshift surveys, one can obtain in-
formation of f(a). However, this measurement of f(a)
is bias-dependent. To avoid this issue, Song and Per-
cival [55] suggested using a bias-independent combina-
tion, f(z)σ8(z), to extract information from the RSD
data, where σ8(z) is the root-mean-square mass fluc-
tuation in spheres with radius 8h−1 Mpc at redshift
z. To use the RSD data, we need to do some mod-
ifications to the CosmoMC package. First, we add an
extra subroutine to the CAMB code to output the the-
oretical values of f(z)σ8(z). Here the calculation of
σ8(z) inherits from the existing subroutine of the CAMB
code and f(a) is calculated by f(a) = d ln δ/d ln a with
δ = (ρcδc + ρbδb)/(ρc + ρb). Then, we transfer the ob-
tained theoretical values of f(z)σ8(z) to the source files
of the CosmoMC package and calculate the χ2 value of the
RSD data.
First, we constrain the IDE model under study by us-
ing the Planck+WP+BAO+JLA+H0 data combination.
This data combination can be safely used since the BAO
and JLA data are well consistent with the Planck+WP
data [1, 52], and the tension between Planck data and
H0 measurement can be greatly relieved in a dynami-
cal dark energy model [56]. The fit results are shown
in Table I and Fig. 3. Obviously, the whole parameter
space can be explored. By using this data combination,
we get w = −1.061± 0.056 and β = −0.010+0.037−0.033 at the
1σ level for the Qµ = 3βHρdeu
µ
c model. The parame-
ter space for w and β shifts left dramatically compared
with the previous results, e.g., w = −0.940+0.0158−0.0599 and
β = 0.209+0.0711−0.0403 obtained by using a similar data com-
bination but assuming w > −1 and β > 0 [28]. This
qualitative change indicates that compulsively assuming
w > −1 and β > 0 can induce substantial errors on the
observational constraint results. So it is of great impor-
tance to use the PPF approach to get the correct, whole
parameter space for the IDE models.
Although the Planck+WP+BAO+JLA+H0 data com-
bination can give a good constraint result, there still ex-
ists a significant degeneracy between the coupling param-
eter β and the background parameter Ωm (see the green
contours in Fig. 3). This degeneracy, as mentioned in
Sec. I, is hard to break by only using the geometric mea-
surements. So next, we add the extra structure formation
information from the RSD data into our analysis. The
7TABLE I: The mean values and 1σ errors of all the free
parameters and some derived parameters for the Qµ =
3βHρdeu
µ
c model. It can be found that current observations
actually favor a negative value of β. The errors of β and Ωm
are substantially reduced once the RSD data are used.
Parameters Planck+WP+BAO+JLA+H0 +RSD
ωb 0.02209
+0.00025
−0.00026 0.02220
+0.00025
−0.00024
ωc 0.123± 0.011 0.1226+0.0039−0.0038
H0 69.4± 1.0 68.5+1.0−0.9
τ 0.089+0.012−0.014 0.087
+0.012
−0.013
w −1.061± 0.056 −1.009± 0.045
β −0.010+0.037−0.033 −0.0148+0.0100−0.0089
ln(1010As) 3.088
+0.024
−0.026 3.079
+0.023
−0.026
ns 0.9601± 0.0057 0.9638± 0.0057
ΩΛ 0.700± 0.024 0.691+0.011−0.010
Ωm 0.300± 0.024 0.309+0.010−0.011
σ8 0.846
+0.051
−0.065 0.808± 0.016
χ2min 10508.090 10519.498
fit results can also be found in Table I and Fig. 3. By
using the Planck+WP+BAO+JLA+H0+RSD data, we
get β = −0.0148+0.0100−0.0089 and Ωm = 0.309+0.010−0.011 at the 1σ
level. Clearly, the errors of β and Ωm and the degeneracy
between them are substantially reduced. Besides, we can
also see that current RSD data favor a relatively larger
interaction rate for the studied model. This result re-
markably differs from that in Ref. [28] where a very small
positive coupling constant, β = 0.00372+0.00077−0.00372 (1σ), is
obtained by the CMB+BAO+SNIa+RSD data combina-
tion. Since w > −1 and β > 0 are assumed in Ref. [28],
it can be deduced that such a small positive coupling
constant just arises from the cut-off effect of the param-
eter space rather than reflecting the actual preference of
the RSD data. So we conclude that our work gives the
correct and tightest fit results for the Qµ = 3βHρdeu
µ
c
model.
Finally, we make a comparison for the Q = 3βHρde
model and the Q = 3βHρc model according to their
cosmological constraint results. For the Q = 3βHρc
model, we got β = −0.0013 ± 0.0008 (1σ) by using the
CMB+BAO+SNIa+H0 data in Ref. [41]. Then, Ref. [42]
further studied this model by adding the RSD data into
the analysis. However, the fit result ξc = 0.0014± 0.0008
(ξc = −β) obtained in Ref. [42] shows that the extra
information from the RSD data nearly has no contri-
bution to the fit result of the coupling constant. This
phenomenon is somewhat counter-intuitive but still can
be understood. Since the coupling form is proportional
to ρc whose value is far greater than that of ρde at
the early times, the amplitude of dark energy pertur-
bation is greatly enlarged by the coupling at the early
times (see Fig. 1 of Ref. [41]), inducing significant ef-
fect on the large-scale CMB power spectrum even for
a small coupling constant. Thus CMB itself can pro-
vide tight constraint on the coupling constant for the
Q = 3βHρc model. This feature makes it easy to rule
out the Q = 3βHρc model in the future. However, there
is no such issue for the Q = 3βHρde model. From this
point, we believe that the Q = 3βHρde model should
deserve more attention in the future works.
IV. CONCLUSION
Current astronomical observations provide us with
substantial room to study the possible interaction be-
tween dark energy and dark matter. However, such an
IDE scenario occasionally suffers from the well-known
large-scale instability. In our previous work [41], we suc-
cessfully solved this instability problem by establishing a
PPF framework for the IDE scenario for the first time.
However, there are also some issues needing our further
discussions. For example, how do we apply the PPF
framework to the widely studied Q ∝ ρde model? How
do we calibrate fζ in a specific IDE model? More im-
portantly, how will the cosmological constraint results,
especially by using the structure formation measurement
from RSD, be changed in the widely studied Q ∝ ρde
model once w and β can be fully let free within the PPF
framework?
To answer all of these questions, in this work we fo-
cus on the Q = 3βHρde model with the momentum
transfer vanishing in the dark matter rest frame. So
the covariant interaction form in a perturbed Universe
is Qµ = 3βHρdeu
µ
c . We handle its cosmological per-
turbations by using the PPF framework established in
Ref. [41]. For the problem of how we can solve the
equation of motion for Γ before the exact value of δde
is known, we introduce an iteration method. We give
a concrete way to calibrate fζ . We find that the ef-
fect of taking fζ to be the calibrated function cannot
be detected by the CMB temperature power spectrum.
However, the general calibration approach we provide in
this paper may play a crucial role for the future high-
precision observations. Finally, we perform a full anal-
ysis on this model with current observations. By us-
ing the Planck+WP+BAO+JLA+H0 data combination,
we get w = −1.061 ± 0.056, β = −0.010+0.037−0.033, and
Ωm = 0.300 ± 0.024 at the 1σ level. The fit results
become w = −1.009 ± 0.045, β = −0.0148+0.0100−0.0089, and
Ωm = 0.309
+0.010
−0.011 once we further incorporate the RSD
data into the analysis.
From the above results, we have the following conclu-
sions: (1) Within the PPF framework, the full parameter
space of w and β can be explored for the Qµ = 3βHρdeu
µ
c
model. (2) The fit results show that current observa-
tions actually favor a negative coupling constant once
w < −1 and β < 0 are also allowed by the PPF frame-
work. (3) With the help of the RSD data, the errors of β
and Ωm and the degeneracy between them are substan-
tially reduced. (4) Compared with the previous works,
our results show that a relatively larger absolute value
of β can survive in current RSD data. We believe that
our work gives the correct and tightest fit results for the
Qµ = 3βHρdeu
µ
c model. The shortage of our work is
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FIG. 3: The one-dimensional marginalized distributions and two-dimensional marginalized 68.3% and 95.4% contours, for
the parameters in the Qµ = 3βHρdeu
µ
c model. Within the PPF framework, the full parameter space can be explored. The
degeneracy between β and Ωm is substantially reduced with the help of the RSD data.
that we have not considered the Qµ ∝ uµde case. In this
case, the Euler equation for dark matter is modified, and
hence, the weak equivalence principle is broken. How-
ever, this breakdown of the weak equivalence principle
might be detected by the future weak lensing measure-
ment [8]. For current observations, it has been found that
the observational constraint results in these two cases are
similar [33]. So we leave this analysis for future work.
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9Appendix A: Calibration of the function fζ(a)
The first step to construct the PPF approach is using
a function fζ(a) to parametrize the large-scale velocity
of dark energy in terms of the total velocity of other
matters, as shown in Eq. (9). This parametrization is
based on Vde−VT = O(k3Hζ) and VT = O(kHζ) at kH 
1 in the comoving gauge [57]. Thus, from Eq. (9), fζ(a)
can be calibrated by finding out the exact form of C(a) ≡
(Vde − VT )/(k2HVT ) at kH  1 in the comoving gauge.
Then Eq. (9) gives
fζ(a) = −12piGa
2
cKH2 (ρde + pde)C(a). (A1)
In what follows, we show how to get C(a) for the Qµ =
3βHρdeu
µ
c model in detail.
The function C(a) can only be obtained by solving all
the standard linear perturbation equations in the comov-
ing gauge where dark energy is treated as a nonadiabatic
fluid with its pressure perturbation,
∆pde = c
2
sρde∆de + ρ
′
de(c
2
s − c2a)
Vde − VT
k
, (A2)
where ca and cs are the adiabatic sound speed and rest-
frame sound speed of dark energy, respectively. In the
following calculations, we take c2a = p
′
de/ρ
′
de = w and
c2s = 1. Substituting Eq. (A2) and Πde = 0 into Eqs. (7)
and (8), we get the following two conservation equations
for dark energy in the comoving gauge,
∆′de + 3H(1− w)∆de + (1 + w)kVde + 9H2(1− w2)Vde−VTk + 3(1 + w)ζ ′ = 3βH
[
3H(1− w)Vde−VTk − ξ
]
, (A3)
(Vde − VT )′ − 2H(Vde − VT )− k1+w∆de − kξ = 3βH1+w (Vc + VT − 2Vde). (A4)
Similarly, substituting pc = ∆pc = Πc = 0 into Eqs. (7)
and (8), we obtain
∆′c + kVc + 3ζ
′ = 3βHρdeρc (∆c −∆de + ξ), (A5)
(Vc − VT )′ +H(Vc − VT )− kξ = 0. (A6)
The linear perturbation equations of all the compo-
nents, in principle, are hard to solve analytically. How-
ever, since we only focus on the perturbation evolution
on the large scales where the period we care about is
radiation-dominated one, the perturbation equations can
be further simplified and solved analytically. In the early
radiation dominated epoch, H = τ−1, kH = kτ , Vb = Vγ
(tight coupling), and ΠI = 0 for I 6= ν, the solutions to
the perturbation equations can be found by solving the
following first-order differential matrix equation [58],
dU
d lnx
= A(x)U(x), (A7)
where x = kτ , A(x) is the coefficient matrix and U(x)
is the matter perturbation vector containing Πν , ∆I for
I = de, c, γ, b, and ν, and VI for I = de, c, γ, and ν. Here
the subscripts γ, b, and ν represent photons, baryons and
neutrinos, respectively. As a matter of convenience, we
use the following rescaled variables: Π˜ν ≡ Πν/x2, V˜T ≡
VT /x, ∆˜I ≡ ∆I/x2, and V˜I ≡ (VI−VT )/x3 for I = de, c,
γ, b, and ν. Thus, our final matter perturbation vector
is
UT =
{
∆˜c, V˜c, ∆˜γ , V˜γ , ∆˜b, ∆˜ν , Π˜ν , ∆˜de, V˜de, V˜T
}
,
where we solve the differential equation of V˜T instead of
that of V˜ν so that we can directly get C(x) = V˜de/V˜T from
the solutions. Note that (ρT +pT )VT =
∑
I=c, b, γ, ν(ρI +
pI)VI and the differential equation for VT can be found
from the second Einstein equation [39],
V ′T + 2HVT + kξ + kζ = −
8piGa2
k
pΠ. (A8)
Using Eqs. (A3)–(A6) and (A8) and the perturbation
equations of photons, baryons and neutrinos given by
Ref. [58], we can easily obtain the following evolution
equations in terms of the rescaled variables:
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d∆˜c
d lnx
= −2∆˜c − x2V˜c − V˜T + 3βΩde
Ωc
(x−2ξ + ∆˜c − ∆˜de)− 3x−2 dζ
d lnx
, (A9)
dV˜c
d lnx
= −4V˜c + ξ
x2
, (A10)
d∆˜γ
d lnx
= −2∆˜γ − 4
3
x2V˜γ − 4
3
V˜T − 4x−2 dζ
d lnx
, (A11)
dV˜γ
d lnx
=
1
4
∆˜γ − 3V˜γ , (A12)
d∆˜b
d lnx
= −2∆˜b − x2V˜γ − V˜T − 3x−2 dζ
d lnx
, (A13)
d∆˜ν
d lnx
= −2∆˜ν − 4
3
x2V˜ν − 4
3
V˜T − 4x−2 dζ
d lnx
, (A14)
dΠ˜ν
d lnx
=
8
5
x2V˜ν +
8
5
V˜T − 2Π˜ν , (A15)
d∆˜de
d lnx
= −3(5
3
− w)∆˜de − (1 + w)x2V˜de − (1 + w)V˜T − 3(1 + w)x−2 dζ
d lnx
− 9(1− w2)V˜de + 3β[−x−2ξ + 3(1− w)V˜de], (A16)
dV˜de
d lnx
= −V˜de + ∆˜de
1 + w
+ x−2ξ +
3β
(1 + w)
(V˜c − 2V˜de), (A17)
dV˜T
d lnx
= −3V˜T − ΩνΠ˜ν − ζ − ξ, (A18)
where ΩI = 8piGa
2ρI/(3H2) denotes the dimensionless energy density of I fluid,
x−2ξ = −
∑
I=c, b, γ, ν wIΩI∆˜I − 29cKΩνΠ˜ν − 3βΩdeV˜c∑
I=c, b, γ, ν(1 + wI)ΩI
, (A19)
is derived from Eq. (30), and
ζ = −V˜T + 3
2cK
[∑
ΩI∆˜I + 3(1 + w)ΩdeV˜de
]
, (A20)
x−2
dζ
d lnx
= x−2ξ − K
k2
V˜T − 3
2
(1 + w)ΩdeV˜de, (A21)
can be found from the first and third Einstein equations given in Ref. [39].
In the early radiation dominated epoch, a = H0
√
Ωr0τ and ΩI ' ρI/ρr with ρr = ργ + ρν , we have
Ωde =
Ωde0
Ωr0
(√
Ωr0H0
k
)1−3(w−β)
x1−3(w−β), Ωc =
(
1 +
β
β − w
Ωde0
Ωc0
)
Ωc0√
Ωr0
H0
k
x ,
Ωb =
Ωb0
Ωr0
a =
Ωb0√
Ωr0
H0
k
x, Ων =
ρν
ρr
= Rν , Ωγ = 1− Ωb − Ωc − Ωde − Ων . (A22)
Now using Eqs. (A19)–(A22), we can obtain the coefficient matrix A(x) from Eqs. (A9)–(A18). Furthermore, since
x  1, we can approximate A(x) by a constant matrix A0, as long as no divergence occurs when x → 0. For the
w < −1/3 and small coupling |β| < |w| case, there is no divergence term in the matrix A0 at x = 0. Thus, we have
A0 =

−2 0 −34 N 0 0 3Rν4 −Rν2 0 0 −1
0 −4 14N 0 0 −Rν4 Rν6 0 0 0
0 0 −Rν − 1 0 0 Rν − 23Rν 0 0 − 43
0 0 14 −3 0 0 0 0 0 0
0 0 −34 N 0 −2 3Rν4 −Rν2 0 0 −1
0 0 −N 0 0 N − 1 − 23Rν 0 0 − 43
0 0 0 0 0 0 −2 0 0 85
0 0 −34 NB 0 0 34BRν − 12BRν 3w − 5 9(w − 1)M −w − 1
0 3βw+1
1
4N 0 0 −Rν4 Rν6 1w+1 −w+6β+1w+1 0
0 0 32N 0 0 −32 Rν −Rν 0 0 −2

, (A23)
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where N = Rν − 1, B = w + β + 1 and M = w − β + 1.
The eigenvalues of A0 can be obtained immediately,
λi =
{
0,−4,−3,−2,−2,−2,−5
2
−
√
1− 32Rν/5
2
,−5
2
+
√
1− 32Rν/5
2
, λ−d , λ
+
d
}
, (A24)
where
λ±d =
−6 + 3w
2
− 3β
1 + w
±
√
9w4 + 30w3 + 13w2 − 12βw − 28w + 36β2 − 12β − 20
2(1 + w)
. (A25)
The approximate solutions to the matrix equation (A7) can be written as
∑
cix
λiU
(i)
0 with ci the dimensionless
constant and U
(i)
0 the eigenvector corresponding to eigenvalue λi. Obviously, the mode with negative Re(λi) will soon
decay or oscillate. For our studied IDE model, if w < −1 or β < 0, Re(λ±d ) 1, the curvature perturbation will grow
rapidly at the early times, leading to the large-scale instability. So we actually calibrate fζ(a) for the stable w > −1
and β > 0 case. When w > −1 and β > 0, the only largest eigenvalue in Eq. (A24) is zero, and the corresponding
eigenvector is
UT0 =
{
−P, 1
6
P − 1
12
, −4
3
P, −1
9
P, −P,−4
3
P, 4
5
, ∆˜
(0)
de , V˜
(0)
de , 1
}
,
where P = (2Rν + 5)/5 and
V˜
(0)
de =
4Rν
(−3β + 12w2 + 9βw + 4w − 8)+ 5 (−3β + 12w2 + 9βw + 16w + 4)
60 (−21β + 12w2 + 9βw − 2w − 14) .
This mode dominates the cosmological perturbation evolutions on the large scales, so from Eq. (A1) we have
fζ(a) = −12piGa
2
cKH2 (ρde + pde)V˜
(0)
de . (A26)
Here note that V˜
(0)
T = 1.
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